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Abstract
We discuss a conjecture on homology of sphere bundles over manifolds which implies a
generalization of the Brouwer fixed point theorem for Borsuk continuous multivalued mappings
taking values which are one point sets or sets homeomorphic to Euclidean spheres.  2002 Elsevier
Science B.V. All rights reserved.
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In 1912, Brouwer [3] proved that every continuous selfmap of the closed ball Bn in
n-dimensional Euclidean space has at least one fixed point. The same statement holds
for two classes of multivalued mappings satisfying the Lefschetz fixed point theorem:
(1) upper-semicontinuous acyclic maps [13] and their compositions [15] (see also [23]),
(2) Hausdorff continuous maps with values having 1 or m acyclic components (m fixed)
[25,11]. On the other hand, this is not true for Hausdorff continuous maps with values
homeomorphic to the circle [24] and for maps with values having 1, 2 or 3 elements [22].
A survey of recent results concerning the Brouwer fixed point theorem for multivalued
mappings is given in [16]. In 1954 Borsuk [2] defined a distance of continuity which is
different from the Hausdorff one. Górniewicz posed the following question: can Brouwer
theorem be generalized for Borsuk continuous mappings with compact connected values?
Dawidowicz [7,8] gave a positive answer for n = 2. This paper is devoted to a partial
solution of this problem for n > 2. The author is greatly indebted to Golasin´ski for his
collaboration in proving Fact 1 and to Torun´czyk for drawing the author’s attention to the
results of Dyer, Hamstrom, Chapman, Ferry, Jakobsche.
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Let us recall definitions of Hausdorff and Borsuk distances dH , dB . If (X,d) is a metric
space and A, B are compact subsets of X, then
OεA=
{
x ∈X: dist(x,A) < ε},
ρ(A,B)= inf{sup{d(a,f (a)): a ∈A}: f is a map from A to B},
dH (A,B)= inf{ε > 0: A⊂OεB and B ⊂OεA},
dB(A,B)= max
{
ρ(A,B),ρ(B,A)
}
.
Additionally, if A ∼= B (A is homeomorphic to B), then dh(A,B) is defined similarly
to ρ(A,B) but with the restriction that functions f are homeomorphisms. Of course,
dH  dB  dh. Multivalued maps which are dB -continuous are called Borsuk continuous
maps.
Definition 1. The multivalued map ϕ :Bn →Bn is called a {∗,Sk}-valued mapping if and
only if ϕ(x) is a one point set or ϕ(x)∼= Sk for every x ∈Bn.
Conjecture 1. Let ϕ :Bn →Bn be a {∗,Sk}-valued Borsuk continuous mapping, 1 k 
n− 1. Then ϕ has a fixed point.
We denote by H, the singular homology functor with Z2-coefficients.
Conjecture 2. Let M be a compact connected PL-manifold in Rn, dimM = n − 1,
1  k  n − 1. Let (M,p,ΓM,Sk) be a locally trivial bundle with the fiber Sk over M
such that ΓM ⊂M ×Rn and the diagram:
ΓM
p
M
⊂
(∗)
=
M ×Rn
M
commutes. Then dimHkΓM > dimHkM .
Theorem 1. Conjecture 2 implies Conjecture 1 for k = 4.
We first discuss Conjecture 2 and then we prove Theorem 1.
Remark 1. It follows from Künneth theorem that Conjecture 2 is true for trivial bundles:
Hk(M × Sk)=H0M ⊗HkSk ⊕ HkM ⊗H0Sk = Z2 ⊕HkM .
Question 1. Is (M,p,ΓM,Sn−1) a trivial bundle?
Remark 2. If i :Hk(p−1(m))→ HkΓM induced by inclusion is a non-zero homomor-
phism for anym ∈M then Conjecture 2 holds. This follows from the fact that p :HkΓM →
HkM is an epimorphism (see Fact 1, Appendix A) and im i ⊂ kerp.
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Proposition 1. If M ∼= Sn−1 then Conjecture 2 holds for (k, n)= (1,3) and for 1  k 
n− 3.
Proof. Let (k, n)= (1,3). Since the orthogonal groupO(2) is a strong deformation retract
of the group Homeo(S1) of all autohomeomorphisms of S1 (see Fact 2, Appendix A), a
reasoning analogous to the proof of [28, 11.45] shows that every bundle (S2,p,ΓS2 ,S1)
is equivalent to the bundle of unit spheres of a 2-dimensional vector bundle over S2.
According to the classification given in [19, pp. 143–144], every such bundle is equivalent
to (S2, p¯,Ln,S1), whereLn = S3/Zn is a lens space and p¯ is induced by the Hopf fibration
S
3 → S2. By [9, V.6.16],
H1(Ln)=
{
0, iff n is odd,
Z2, iff n is even.
What is left is to exclude the case of odd n. Let us consider the following diagram:
S
3
π
Ln
h
p¯
ΓS2
p
S
2 f
S
2
i⊂
(∗)
=
S
2 ×R3 π2
π1
R
3
S
2
where (h,f ) is an equivalence of bundles. By Borsuk–Ulam theorem, there exists x ∈
S
3 such that π2ihπ(x) = π2ihπ(−x). We have also π1ihπ(x) = π1ihπ(−x), because
π1ihπ = f p¯π and p¯π(x) = p¯π(−x). Thus ihπ(x) = ihπ(−x), which contradicts the
fact that h is a homeomorphism and π(x) = π(−x) for odd n. We now turn to the
case 1  k  n − 3. Let U , V be halfspheres, U ∪ V = Sn−1, U ∩ V = Sn−2. Since
ΓU = p−1(U), ΓV , ΓU∩V are trivial bundles, HkΓU = HkΓV = Hk(Bn−1 × Sk) = Z2,
HkΓU∩V =Hk(Sn−2 ×Sk)=HkSn−2 ⊗H0Sn−2 ⊕ H0Sn−2 ⊗HkSk = Z2, H˜k−1ΓU∩V =
0. The reduced Mayer–Vietoris exact sequence for (ΓSn−1,ΓU,ΓV ) takes the form:
→ Z2 s−→ Z2 ⊕Z2 →HkΓSn−1 → 0 →,
hence dimHkΓSn−1 = 2 − dim(im s)  1, which is our assertion. Note that in the case
1 k  n− 3 we did not have to use the diagram (∗).
By abuse of notation we continue to write B for Bn or In and S for ∂B . We denote by
ΓC the set
⋃
x∈C{x} × ϕ(x). Here C ⊂ B and ϕ :B → B is a multivalued map. In other
words, ΓC is the graph of ϕ|C .
Lemma 1. Let ϕ :B→ B be any multivalued map. If p :Hn(ΓB,ΓS)→Hn(B,S) is non-
zero, then ϕ has a fixed point.
56 D. Miklaszewski / Topology and its Applications 119 (2002) 53–64
Proof. On the contrary, suppose that ϕ has no fixed point. Let ∆= {(x, x): x ∈ B}. The
following diagram
Hn(ΓB,ΓS)
i
Hn(B ×B,S ×B)
||
Hn(ΓB,ΓS) Hn(B ×B \∆,S ×B \∆)
with all arrows induced by inclusions, is commutative. Since S × B \∆ is a deformation
retract of B ×B \∆ (see Fact 3, Appendix A), Hn(B ×B \∆,S×B \∆)= 0 and i = 0.
Consider the following diagram
Hn(ΓB,ΓS)
i
p
Hn(B ×B,S ×B)
Hn(B,S) = Hn(B,S)
j
where j (x)= (x,0). Of course j ◦ p  i and j is a homotopy equivalence. Hence i = 0
implies p = 0, which contradicts our assumption.
Proof of Theorem 1
Our proof starts with the observation that ϕ is dh-continuous on the set U = {x ∈
B: ϕ(x)∼= Sk}. This follows from [14, Theorem 3] and from the α-approximation theorem
([5] for k  5, [20] for k = 2, [21] for k = 3, easy verifiable for k = 1). Note that dh-
continuity of ϕ|U implies that the projection p :ΓU → U is a completely regular map [10]
and (U,p,ΓU,Sk) is a locally trivial bundle [10] (see also Theorem [6, p. 131] and [12,
Corollary 1.1, p. 63]). Without loss of generality we can assume that ϕ|S is a singlevalued
mapping. Otherwise, we replace ϕ by ψ : 2B→ 2B ,
ψ(x)=
{
ϕ(x), if ‖x‖ ∈ [0,1],(
2− ‖x‖)ϕ( x‖x‖) if ‖x‖ ∈ [1,2],
which is singlevalued on 2S and has the same fixed points.
The set-map ϕ˜ :B → B is called an ε-approximation of ϕ iff ϕ˜(x)⊂Oεϕ(x) for every
x ∈ B . It suffices to prove that for every ε > 0 there exists an ε-approximation of ϕ
having a fixed point. We shall approximate ϕ by maps of the same kind but having more
regular sets U . Note that U is an open bounded subset of Rn. Fix ε > 0. Take r > 0
such that diamϕ(x) < ε for all x ∈ Or(∂U). There exists a triangulation T of B and a
subcomplex K of T such that K =⋃K is an n-dimensional PL-manifold with boundary
and U ⊃K ⊃U \Or(∂U), moreover K \Oζ (∂K)⊃U \Or(∂U) for some ζ > 0.
For every compact convex subset C of Rn we will denote by s(C) the Steiner point
of C [1]. We have s(C) ∈ C and ‖s(C1) − s(C2)‖  n · dH (C1,C2). Let λ(x) = ζ−1 ·
min(ζ,dist(x,B \K)), b(x)= s(cl(conv(ϕ(x)))) and ϕ˜(x)= b(x)+ λ(x) · (ϕ(x)− b(x))
for x ∈ B . Since ϕ˜(x)⊂ cl(conv(ϕ(x))) for every x and {x: ϕ˜(x) = ϕ(x)} ⊂ Or(∂U), ϕ˜
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is an ε-approximation of ϕ. One can check that ϕ˜ is a Borsuk continuous map which takes
values homeomorphic to Sk on Int(K) and which is singlevalued elsewhere. It suffices to
prove that Lemma 1 is applicable to ϕ˜. In what follows we will denote ϕ˜ by ϕ. Consider
the following diagram:
Hn(ΓB,ΓS)
p
Hn−1(ΓS) i
∼=
Hn−1(ΓB)
Hn(B,S)
∼= Hn−1(S)= Z2
with the first row exact. The right vertical arrow represents an isomorphism because ϕ|S is
singlevalued. Note that the assumption of Lemma 1: p = 0 is equivalent to i = 0. We shall
define a Z2-cycle which generates Hn−1ΓS and which is zero in Hn−1ΓB . Let us denote
by Ki -components of K , by Mij -components of ∂Ki and by Ki , Mij -corresponding
subcomplexes of the triangulation T of B . Let S ⊂ T be such that S = ⋃S . Fix a
linear order in the set of all vertices of T . Ordered and singular simplices determined
by σ ∈ T will be denoted by the same letter σ . If ϕ|σ is singlevalued then σ˜ denotes
the singular simplex σ˜ (x) = (σ (x),ϕ(σ (x))). We use the same notation for chains. All
considered chain complexes have Z2-coefficients. For T ′ ⊂ T let ∑T ′(p) denote the
chain equal to the sum of all p-simplices of T ′. If 1S =∑S(n− 1), 1ij =∑Mij (n− 1),
c =∑(T \ K)(n) then 1S = ∂c +∑i,j 1ij , 1˜S = ∂c˜ +∑i,j 1˜ij and 1˜S is a generator
of Hn−1ΓS . It suffices to prove that
∑
j 1˜ij = 0 in Hn−1ΓKi . Without loss of generality
we can assume that K is connected and we omit the index i . By [4], there exists a
neighbourhood N1 of ∂K in K and a homeomorphism h1 :N1 → ∂K × [0,2] such that
h1(x) = (x,0) for x ∈ ∂K . For simplicity of notation we write N1 = ∂K × [0,2]. Let
N = ∂K × [0,1] ⊂ N1 and L = cl(K \ N). We define a homeomorphism h :L→ K by
formulae: h(y)= y for y ∈L \ ∂K × [1,2], h(x, t)= (x,2t − 2) for (x, t) ∈ ∂K × [1,2].
In particular, h(x,1)= (x,0), i.e., h(∂L)= ∂K . Let M ′j = h−1(Mj ) and 1′j = h−11j . Of
course M ′j is a component of ∂L and the cycle 1′j is a generator of Hn−1(M ′j ). Consider
the following commutative diagram
Hn−1Γ∂K
(0,u)
= Hn−1Γ∂K
v
Hn−1Γ∂L
(−β,α)
Hn−1ΓL⊕Hn−1ΓN Hn−1ΓK
where α, β , u, v are induced by inclusions and the second row is a segment of the Mayer–
Vietoris exact sequence. We are reduced to proving that v(
∑
j 1˜j )= 0, which is equivalent
to (0, u(
∑
j 1˜j )) ∈ im(−β,α). Rows of the next diagram are segments of Gysin exact
sequences [27]:
Hn−k−1∂L
δ
γ
Hn−1Γ∂L
p
β
Hn−1∂L
η
Hn−k−1L ε Hn−1ΓL π Hn−1L
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We first prove that (0,
∑
j 1′j ) ∈ im(β,p). The first row of the above diagram is the direct
sum of following exact sequences:
Hn−k−1M ′j
γj Hn−1ΓM ′j
pj
Hn−1M ′j .
By Poincaré duality,
dimHn−1M ′j = 1,
dimHn−1ΓM ′j = dimHkΓM ′j ,
dimHn−k−1M ′j = dimHkM ′j .
Conjecture 2 implies that dimHkΓM ′j > dimHkM ′j . Hence γj is not an epimorphism,
pj = 0, pj is onto, p is an epimorphism. Another epimorphism is δ. This follows from
the Mayer–Vietoris exact sequence:
Hn−k−1∂L→Hn−k−1L⊕Hn−k−1cl
(
R
3 \L)→Hn−k−1R3.
Since p is onto, there exists z ∈Hn−1Γ∂L such that pz=∑j 1′j . Of course, η∑j 1′j = 0.
Hence 0 = ηpz = πβz, βz ∈ im ε. Let y ∈ Hn−k−1L and a ∈ Hn−k−1∂L be such
that εy = βz and δa = y . Thus βz = εδa = βγ a, β(z − γ a) = 0, (β,p)(z − γ a) =
(0,pz)= (0,∑j 1′j ). It remains to prove that px =∑j 1′j implies that αx = u(∑j 1˜j )
for x ∈Hn−1Γ∂L. This is a corollary from the following diagram:
Hn−1Γ∂L
α
p
Hn−1∂L h Hn−1∂K
(id,ϕ)
Hn−1ΓN Hn−1Γ∂Ku
If px = ∑j 1′j then h∑j 1′j = ∑j 1j , (id, ϕ)∑j 1j = ∑j 1˜j and finally αx =
u(
∑
j 1˜j ). The only point remaining concerns the commutativity of the above diagram.
Let r :N → ∂K be the retraction r(x, s) = x . One can prove that r¯ :ΓN → Γ∂K given
by r¯(x, y)= (r(x),ϕ(r(x))) is a strong deformation retraction (see Fact 4, Appendix A).
Therefore u= (r¯)−1 and reversing the lower arrow makes the corresponding diagram of
mappings commutative, which completes the proof.
Remark 3. The above proof shows (modulo Conjecture 2) that every {∗,S1,S2,S3,S5,
. . . ,Sn−1}-valued Borsuk continuous map ϕ :Bn →Bn has a fixed point.
Remark 4. Conjecture 1 holds for k = 0, i.e., for bimaps studied by Schirmer in [26].
One can prove this fact directly using Lemma 1, but homology coefficients must be taken
different from Z2. This is why a unified approach to cases k = 0 and k = 0 seems to be
impossible (see Example 1, Brouwer mappings).
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Brouwer mappings
Let Hˇ denote the ˇCech homology functor, F be a field, B—the closed unit ball in Rn,
Γ
ϕ
B -the graph of ϕ :B→ B .
Definition 2. The upper-semicontinuous compact-valued map ϕ :B → B is called an F -
Brouwer map if and only if
Hˇn
(
Γ
ϕ
B ,Γ
ϕ
S ;F
) i−→ Hˇn(B ×B,S ×B;F)
induced by inclusion is a non-zero homomorphism.
From now on we consider only upper-semicontinuous compact-valued maps [1] and
write Hˇ(·)= Hˇ(·,F ). Applying diagrams from the proof of Lemma 1 we conclude two
statements.
Statement 1. Following conditions are equivalent:
(1) ϕ is an F -Brouwer map,
(2) i is an epimorphism,
(3) p : Hˇn(Γ ϕB ,Γ ϕS )→ Hˇn(B,S) is non-zero,
(4) p is an epimorphism.
Statement 2. Every F -Brouwer map has a fixed point.
The set-valued map ψ :B →B is called a selector of ϕ iff ψ(x)⊂ ϕ(x) for every x ∈ B .
The inclusion (Γ ψB ,Γ
ψ
S )⊂ (Γ ϕB ,Γ ϕS ) implies the following:
Statement 3. Every map having an F -Brouwer selector is an F -Brouwer map.
Any compact neighbourhoodU of Γ ϕB in B ×B determines a set-valued map ϕU :B→
B such that ϕU(x)= {y ∈ B: (x, y) ∈U}. We have(
Γ
ϕU
B ,Γ
ϕU
S
)= (U,U ∩ (S ×B)).
Recall that on the category of compact pairs functors Hˇ and HomF ◦ Hˇ  are naturally
isomorphic, [15, Theorem 1.1]. The above fact, the continuity of the ˇCech cohomology
functor Hˇ  [9] and the formula HomF ◦ dir lim = inv lim◦HomF give
Hˇn
(
Γ
ϕ
B ,Γ
ϕ
S
)= inv lim{Hˇn(U,U ∩ (S ×B))}.
We say that the set-valued map ϕ :B → B is approximable by F -Brouwer maps iff for
every compact neighbourhoodU of Γ ϕB in B ×B the map ϕU has an F -Brouwer selector.
We have the following generalization of Statement 3:
Statement 4. Every map approximable by F -Brouwer maps is an F -Brouwer map too.
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This statement follows from three facts:
(1) Hˇn((Γ ϕB ,Γ ϕS ) → (B × B,S × B)) = inv lim{Hˇn((U,U ∩ (S × B)) → (B × B,
S ×B))}.
(2) The family of polyhedral neighbourhoods of Γ ϕB in B×B is cofinal in the family of
all compact neighbourhoods of Γ ϕB in B ×B .
(3) The functor inv lim of the inverse limit is exact on the category of inverse systems
of finite dimensional vector spaces.
The map having F -acylic values is called an F -acyclic map.
Statement 5. The compositionB ϕ−→ B ψ−→ B of an F -acyclic mapψ and an F -Brouwer
map ϕ is an F -Brouwer map.
Proof. We will follow Górniewicz ideas [17]. Let C be B or S. Consider the following
commutative diagram
Γ
ϕ
C
q
B Γ
ψ
B
p
Γ
ϕ
C ∗ Γ ψB
p¯ q¯
where q(x, y)= y , p(y1, z)= y1,
Γ
ϕ
C ∗ Γ ψB =
{
(x, y, y, z): (x, y) ∈ Γ ϕC , (y, z) ∈ Γ ψB
}
,
and p¯(x, y, y, z)= (x, y), q¯(x, y, y, z)= (y, z). Assumption that ψ is an F -acyclic map
implies that p, p¯ are Vietoris maps and p¯ : Hˇ(Γ ϕC ∗ Γ ψB )→ Hˇ(Γ ϕC ) is an isomorphism
[17]. By Five-Lemma, another p¯ is an isomorphism in the following commutative
diagram:
Hˇn(Γ
ϕ
B ∗ Γ ψB ,Γ ϕS ∗ Γ ψB )
π
p¯
Hˇn(Γ
ψ◦ϕ
B ,Γ
ψ◦ϕ
S )
i
Hˇn(B ×B,S ×B)
Hˇn(Γ
ϕ
B ,Γ
ϕ
S )
p
Hˇn(B,S) = Hˇn(B,S)
j
where π(x, y, y, z)= (x, z) and j (x) = (x,0). Since jpp¯ is an epimorphism, i is an
epimorphism too. ✷
Statement 6. If Conjecture 2 holds then every {∗,Sk}-valued Borsuk continuous map
ϕ :Bn →Bn is a Z2-Brouwer map for 1 k  n− 1, k = 4.
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Proof. Recall that in the proof of Theorem 1, ϕ was replaced by ψ : 2B→ 2B and ψ was
approximated by Z2-Brouwer mappings. According to Statement 4, it suffices to prove that
if ψ is a Z2-Brouwer map, so is ϕ. Let P = 2B \ Int(B). Consider the following diagram:
Hˇn(Γ
ϕ
B ,Γ
ϕ
S )
∼=
p
ϕ

Hˇn(Γ
ψ
2B,Γ
ψ
P ) Hˇn(Γ
ψ
2B,Γ
ψ
2S)
∼=
p
ψ

Hˇn(B,S)
∼=
Hˇn(2B,P) Hˇn(2B,2S)
∼=
All horizontal arrows represent isomorphisms: left arrows are excisions, on the right side
2S and Γ ψ2S are strong deformation retracts of P and Γ
ψ
P , the details are left to the reader.
Thus pψ = 0 implies that pϕ = 0. ✷
Example 1. There exists a {∗,S1}-valued Borsuk continuous map ϕ :B3 → B3 which
is a Z2-Brouwer map but not an F -Brouwer map for every field F of characteristic
char (F ) = 2.
In fact, fix r ∈ (−1,1). Let A(x) = {rx + y: 〈y, x〉 = 0} and F(x) = S2 ∩ A(x) for
x ∈ S2. Define ϕ :B3 → B3 by the formula ϕ(sx) = s · F(x) for s ∈ [0,1], x ∈ S2.
Proposition 1 and Statement 6 imply that ϕ is a Z2-Brouwer map. Of course Γ ϕB is
contractible and Γ ϕS ∼=RP3, [19, p. 144]. By the exact sequence
H3
(
Γ
ϕ
B ;F
)→H3(Γ ϕB ,Γ ϕS ;F )→H2(Γ ϕS ;F )→H2(Γ ϕB ;F ),
H3(Γ
ϕ
B ,Γ
ϕ
S ;F)=H2(Γ ϕS ;F). By Poincaré duality,
dimH2
(
Γ
ϕ
S ;F
)= dimH1(Γ ϕS ;F ),
but H1(Γ ϕS ;F)=H1(RP3;F)= Z2 ⊗F = F/2F = 0 iff char(F ) = 2.
Appendix A
Fact 1. If (M,p,ΓM,Sk) is a locally trivial bundle then p :HkΓM → HkM is an
epimorphism. In particular, dimHkΓM  dimHkM .
Proof. By Homotopy Exact Sequence of Fibration, p> :πi(ΓM)→ πi(M) is an isomor-
phism for i < k and an epimorphism for i = k. Whitehead Theorem [27, 7.5.9] shows that
p :Hi(ΓM ;Z)→ Hi(M;Z) is an isomorphism for i < k and an epimorphism for i = k.
By Universal Coefficients Theorem, the following commutative diagram
0 Hk(ΓM ;Z)⊗Z2
onto
Hk(ΓM)
p
Tor
(
Hk−1(ΓM ;Z);Z2
)
∼=
0
0 Hk(M;Z)⊗Z2 Hk(M) Tor
(
Hk−1(M;Z);Z2
)
0
has exact rows. Analysis similar to that in the proof of Five-Lemma shows that
p :HkΓM →HkM is an epimorphism. ✷
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Fact 2. The group O(2) is a strong deformation retract of Homeo(S1).
Proof. Denote by j :S1 \ {1} → (0,1) the inverse function to π : (0,1) → S1 \ {1},
π(t)= e2π it . Let
Homeo1
(
S
1)= {h ∈ Homeo(S1): h(1)= 1},
Homeo+1
(
S
1)= {h ∈ Homeo1(S1): j ◦ h ◦ j−1 is increasing},
Homeo−1
(
S
1)= {h ∈ Homeo1(S1): j ◦ h ◦ j−1 is decreasing}.
Define ρ : Homeo1(S1) × I → Homeo1(S1) and r : Homeo(S1) × I → Homeo(S1) by
formulae:
ρ(h, t)(z)
=


1, for z= 1,
j−1
[
(1− t) · jhj−1 + t · id](j (z)), for z = 1, h ∈ Homeo+1 (S1),
j−1
[
(1− t) · jhj−1 + t · (1− id)](j (z)), for z = 1, h ∈ Homeo−1 (S1),
r(h, t)(z)= h(1) · ρ
(
1
h(1)
· h, t
)
(z).
It is easily seen that ρ : id  ρ1, ρ1 is a strong deformation retraction from Homeo1(S1)
onto {id, σ } and r : id  r1, r1 is a strong deformation retraction from Homeo(S1) onto
O(2)= SO(2)∪ SO(2)σ ; σ(z)= z¯. ✷
Fact 3. The set S ×B \∆ is a strong deformation retract of B ×B \∆.
Proof. For x = y ∈ B we denote by s(x, y) the unique point s ∈ S such that s =
y + λ · (x − y) for a positive number λ. Define r : (B × B \ ∆) × I → B × B \ ∆ by
the formula r((x, y), t)= ((1− t)x + ts(x, y), y). We see at once that r : id  r1 and r1 is
a strong deformation retraction from B ×B \∆ onto S ×B \∆. ✷
In what follows we use the notation introduced in the proof of Theorem 1 (slightly
modified by the necessity of simultaneous participation of ϕ and ϕ˜ in our considerations).
Fact 4. The map r¯ :Γ ϕ˜N → Γ ϕ˜∂K given by r¯(x, y)= (r(x), ϕ˜(r(x))) is a strong deformation
retraction.
Proof. Define ρ :N × I → N by the formula ρ((x, s), t) = (x, (1 − t)s) for (x, s) ∈
∂K × [0,1] = N . Of course ρ : idN  r . By the Homotopy Lifting Property, there exists
ρ̂ :Γ
ϕ
N × I → Γ ϕN which makes the following diagram:
Γ
ϕ
N × {0} Γ ϕN
p
Γ
ϕ
N × I
p×id
ρ̂
N × I ρ N
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commutative. Recall that ϕ˜(x)= b(x)+ λ(x)(ϕ(x)− b(x)). Let h :Γ ϕN\∂K → Γ ϕ˜N\∂K be a
homeomorphism defined by the formula
h(x, y)= (x, b(x)+ λ(x)(y − b(x))).
One can check that ρ¯ :Γ ϕ˜N × I → Γ ϕ˜N defined by
ρ¯((x, y), t)=
{
h
(
ρ̂
(
h−1(x, y), t
))
, for x ∈N \ ∂K and t = 1,(
ρ(x,1), ϕ˜
(
ρ(x,1)
))
, for x ∈ ∂K or t = 1
is continuous and ρ¯ : id  r¯ . ✷
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